
Petroleum Systems Control Engineering 24-25 Engineering Analysis (Third Class)

Laplace Transform (Simon Laplace 1749 - 1827 was a great French mathematician)

Is the transformation the independent variable to s domain, if the independent variable is t then

tdomain ) sdomatn

Definition:- Laplace transform L.T of /(t) is

F(s) = Ji f ft> e-'t dt

w h e r e s i s c o m p l e x v a r i a b l e o r  s  =  x * i y ,  i = V : T

Example:- what is the L.T of /(t) = 1

Solution Fromthedefinitionl.T of f (t) = [i r-u f (t) dt

= f e- ' t  dt= - i  e-"; i l  = -_.] '1"-- l-"b) =

Example:- What is the L.T of f (t) -- t

Solution L.T of f (t) = [i t e-'t dt + L e t  u = t du=d t

1  _ c t
v  =  - -  e  "

sdV;,r*-'-g-stf t +

so If, t r-" dt = -t I t-"lf * ff l"-"
6

. F i l

,tl

:i:: ,a:

t

d t = - '  , t n ' t f "

,1ffi,-:i:':r:-$
Examnle:- Find the L.T of f (t) = e"t q" +
Solution L.T of f (t) = If ,"t e-'t dt = {ffi6{o-')t" d't = 1  

e (a -s ) t l@
a-s

'' = j* (r-* - eo) =

The General Method 
:+

The utility of the,f,aplace:transform is based primarily upon the following three theorems

Theorem 1:- 
"ui 

, ,*
L.T of lqft(fficzfz!\ = c1F1(s) * crF2@)

Prove .,,$$ -.r,.r,
, ift,ii cri'i7).tc2f2G)l = lo- lrrfr(t)+ crfr(t)le-'t dt

where s > a

ee; Io" 
,rf'A)r-'t dt * Io- 

,rrrrt)s-st dt = ct 
Io* Orrr,-'t dt + ', 

Io- fr(t)e-'t d"t
'3-('|'t 

r r r(r) * c 2 F 2 (s)

Example:- Find the L.T of f (t) = cosh ot

Solution Since cosh at = 
) leat I s-at1 -:

L.T of coshar =: l ;  eat e-st  dt+; l :  e-at e-st  dt

1 f  1  1  I  r [ s + a + s - a l
= - r - T - r  =  - r - l

2Ls-a '  s+a l  2  L (s -a) (s+a) l
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"' L.r of cosho6 =lll
|  ' " -o '  I

H.W Provethatl.T of sinhat = 
h

Example:- Find the L.T of f (t) = cos alt

Solution From Euler formula e i o = c o s 0 f r s i n 0

then replace 0 by at + ei@t - cos cdt * i sin rr-rt (1)

andreplace 0by -at + e- i(Dt -  coscl f  -  is inart  """  """  (2)

adding equations (1) and (2) cos alt =)(r'" + e-iot)

now, L.T of cosor = f,1f,{r''t +e-i@t)e-st dt =iff r(ia-s)t ot5}l-,'1"r +iit 4s

=)  
* r ' ia r -o t l@ 

- :  
# r - ( i to+s) t l@

I f  s > o then L.T of  cos at  = - i  
^-- i

1 /s+i(l)+s-iar\
= -  t - l

z \ sz+az /
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,rr,,rff

1 1- = -
io+s 2 (*

H.w Prove that L.T of sin art = l=l
I s'+o)' I

Example:- Find the L.T of f (t) = t" ,

Solution L.T of t" = [i {e-st dt ,,:&

,u*,{j#
s t = z

# tr zn+r-L

. z
L -  

-

c

e-" dz

, .  d z
+  d t = -

s

L.r or t": fi (1)" ,-"
@tThen L.T of t" =l 

,"a= I

Now, if n is positive intqgg{; 
,t:

flor

Example:- If F(s) = lft what is

Solution 
'H

qu*#*'P ..,.,

.ff = # If .r.{ 
'e-"dz =

' *  ' ' {

,,
uu'......\' E { n + I ) = n !
:

v(t)?

L.T of r" =H

s + i  _  s + 1  - k t  t k z

' ,  
. ]" ' ,d*r, 

(s-2)(s+3) s-2 s+3

n r = J l l r _ r = E
=

;1\ _,,t'F1r; = ie.*)

,  s + r l  z
n r = " - r l r - _ . = E

y( t )  = l lz r t t  +  2e-3t l

Theorem 2:-

Example:- What is L.T of U" (t)j

Solution Since /"(t) = V'(t))'

L.r of {/'(t)i = L.r 
"t [#] 

= s'F(s) - /(0)

let
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Then f"(t) = [g(t)]'

24-25 Engineering Analysis (Third Class)

so L.T of tf " (t)\ = L'T of [g(t)]'

FromTheorem 2 L.Tof  [g( r ) ] '=sG(s)  - .q(0)  =sL.Tof  t / ' ( r ) ]  -  f ' (0)

Applying Theorem 2 again L.T of tf " (t)\ = s[sF(s) - /(0)] - /'(0)

L.T of U" G)l = szF(s) - s/(0) - f 
'(0)

H.W prove that L.T of tf "'(t)j = s3F(s) - s2l(0) - sf '(0) - f " (0)

Example:- Find the particular solution of the differential equation y"(t) - 3y'(t) + zy(t) for= 13 _q{--i.zr
i ,  

,  

i i : : : .

. i.ti,., ,::,which !(0) = 2, Y'(0) = 6

Solution Fromtheorem 2

Taking L.T of both side of equation

L.T of U'G)j = s F(s) - /(0)

L.T of {f " (t)} = s2F(s) - s/(0) - /'(0).' ' '*ri-- 
iii;

l!{i, 
,. ],:'

%
t:ttllll1tt,,.

I'ErriH,:
litk#

[s2 r(s) - sy(o) - y'(0)] - 3 [sv(s) -y(0)] + zr(s) = rz uir[ffir.til]

Substitute y(0) = 2andY'(g) = $ L.Tle-z\ = L

Theorem 3:-

a > 0

Examq! -"^*&u*=slw,w"tnul* Lr* [d ilfG)atat] =i F(s)+ 1-tfCOdt+:I:Iif{Oatat
T ! :  *
Solffion db__-____T_ {rfsotr**on # 

i
--'---2, {rf

Let TItCd'ot = s(t)
..v.iv

then L.r * lf; ilf G)atat] = t.t or Ils G) dt = i tC'l *:J;: s(t) dt

= i[r.ror f y@at] +j I l i lrr ' :,a'dt=:[i.c' l +il lrrttat]* if i lr@a'at
L.T of Il tiro>atatl=i rc'l * j l lf G)dt*id Ilf l)atat

lsz Y(s) -2s - 6l - 3 ot,:,. 
.rl j.,riu, ,:#:*,&

s2r(s)  -2s-6-3sr(s)+6+zvG) -# "71{$| ,*  " '

( s '  - 3 s + z ) I / ( s )  =  2 s t # = .  , , '

Y(s)= #ffi=uffi,, 'Ft*h*h
W h e r e  k t = - 6  ,  j  u r = , ! . %  -  ,  k s = !

y(s) = j+ =*# 
E+{r

y(t) = -o e{. + 7,;;2t l.tr-"'
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Unit Step Function

The unit step function can be defined as

"( ' )= {01 t ;3

24-25 Engineering Analysis (Third Class)

Example:- Solve for y(t) from the simultaneous equations

where

Solution

y' (t) + Ty(t) + 6 fi z dt = -Z u(t)

y ' ( t ) + z ' ( t ) + z = o

/(0) = -5 z(0) = 6

Taking L.T of each equation term by term

Equation 1

ls Y(s) -  (-s) l  + zv(s) + 6!zG) - -2' :

s r(s) + 2r(s) +9zG) = - ' ; -  5 +

'

n#P&We 
a: o o then I!"1t1 dt = o

(*+&rf\ + 6z(s) = -2 - 5s """ """ (3)

" " "  " " "  (1 )

. ' .  . .  .  . .  .  . . .  (2 )

Jrll$tr'
&,, , ,

"11 .

* - : * '

s

Equation 2t2 ,*g'lzz$
s r(s) + 5 + sz(s) - 6 + z(s) = s t''!",,#, tvts) +s _l$s) + (s+ 1)Z(s) = l

" "''f1': :
Equations (3) and (4) can be written ut u *ut i4-R-ffi

[s 'z+zs, fJ t** , **

..,i-;?::t::::: ,

E*ample:ffihat is L.T of /(t) = sinzt

Solutionl
.  2 .  t  c o s z t

s t n _ r :  r _  j

... L.rofsinzr = *-rfu =m=#

. . . . . . . . . . . . ( 4 )
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3-  ( t+  1)2
;  i - ;

l- cos(at * b) 2- coszlbt; l i
l -  LUJ\4L 

-r  ui '  -  veJ \uv/ .  
!  t ; i i . . . . . . , .  

. .  r .  
i : ; , ;

@-:- If a Laplace Transform contains the factor s, the inverse of that transform 
"un 

fo-foutta Uy

suppressing the factor s, determining the inverse of the remaining portion of thglranqfoffi'gndrfinallV

Petroleum Systems Control Engineering

Solution2

,f(t) = sinzt +

since L.T of U'G)j = s F(s) - /(0)

L.T of {sin2t} = sl l .T of /(t) l  -  0

2+ fu= sl l .r of /(t) l

H.W What is L.T of the following

differentiating that inverse with respect to t'

f G) = * L. r-1t0(s)]

Example:- What is t.t-t [+]

Solution h,= *fu.tRpt"ssingthefactor s +

Example:-

Solution

Engineering Analysis (Third Class)

f 
'(t) -- 2 pin t cos t = sin 2t

.'. [L.T of /(t)] = L'T of sin2t ) = 
#-r)

Itti:r

*{,4'w

,iffil=

1

+ q(sJ : p+l

t t  

* - - '  

'

%
,,jF*

fG)=* L.r-1 t#\ = i*"'t- '{+,}ui-"= },fl inlt= coszt

H -
Theorem :- If a Laplace Transform contains tttB {bqg@ Se inverse of that transform can be found by

suppressing the factor 1,, determinirrgTth" Wr;.[$m remaining portion of the transform, and finally

integrating that inverse with respectp i from 
'0 

- ,'

,,;::,:::::;ar','. R't) = l$lT-t{o(s)} dt = f (t) = Iir'r-t| #at
!  -  

'  - : '

rr i: l
,i ,**, *

First shiftfre Theorem (s-shiftine):- This theorem says that the Transform of e-at times a function of t is

equal to the transform of the function itself , with s replaced by s * a

LT {e-at f (t)} = LT{/(t)'} l,-,*o

By means of this theorem we can easily establish the following important formulas:-

Formula 1:- LT{s-at cosart} = 
G#*
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