Petroleum Systems Control Engineering 24-25 Engineering Analysis (Third Class)

Laplace Transform (Simon Laplace 1749 — 1827 was a great French mathematician)

Is the transformation the independent variable to s domain, if the independent variable is t then

tdomain — Sdomain

Definition:- Laplace transform L.T of f(t) is

Eel=F g =7 &
where s is complex variable or s = x + iy | i=+v-1
Example:- whatisthe L.T of f(t) =1
Solution From the definition L.T of f(t) = |, 000 g™t Fity de

_ [® ,-st — _1 —stjoo — _lec,—o8 0y 1

= J, € dt= - e (3 e ey :
Example:- Whatisthe L.T of f(t) =t 4
Solution L.T of f(t)=J, te st dt = Lat sy = du=dt

= v=—zeSt
S
S0 [Pte~st dt=—t2 e S|P+ [Te st dt =— = e~
0 s 0 0 s s?
N i

zero

Example:- Findthe L.T of f(t) =e%

where s > a

The General Method

The utility of the .gai)lace transform is based primarily upon the following three theorems

Theorem 1:-

LTof [ify() % c2fo (D] = c1Fi(5) & oFa(s)

Prove

LT of [c1fa(t) £ c2f2(0)] = fow [c1f1(8) £ c2fa®)]e™*" dt

f hfi et det f " eafyet dt = ¢, f TR di ko, f " h(0e dt
0 0 0 0

= ¢ F1(5) £ c2F5(s)
Example:- Findthe L.T of f(t) = coshat

Solution Since coshat = é [e% + e™%]

_1r® at ,-st 1,0 _at ,—st
LT of coshat=:["e* e dt+ g 2 e de
[L+_L]__1_[s+a+s—a]
s—a @ s+al ~ 2 (s—a)(s+a)
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L.T of coshat = X

s2—q2

a
52_a2

H.W Prove that L.T of sinhat =

Example:- Find the L.T of f(t) = coswt

Solution From Euler formula el® = cosf +isind
then replace 6 by wt = el®t = coswt + i sinwt e (1)
and replace 8 by —wt = e~i@t = coswt — i sin wt RN )

adding equations (1) and (2)  coswt = %(e"“’t + e~lot)

= 1 [o'e) . G 7 - 1 [o'e) s 1 [0'e) = . t V
now, L.T of coswt = 2 ["(e** +e~*“"e stdt =3 gUa=sit gy -|:5f0 e o+S¥e, dt

= _1_e(iw—-s)t‘°° _1 _1_6—(iw+s)t|°°
2 iw-s 0 2 iw+s 0

If s>w thenL.T ofcosa)t=—l -, Fo —%( S e )

2 iw-s 2 iw+s s—iw  Ss+iw

_ 1 (s+iw+s—iw) o s
2 s2+w? T | s?tw?
2 co
H.W Provethat L.T of sinwt=| 55— {
S<ka) Y

Example:- Findthe L.T of f(t) =t" :

Solution LT of th = fooo t"e™t dt sdot] St-=17 = g = dt = —

Jo-2

n
W PNz 42 L =2 d, — 1 (®_nt+1-1 ,-z
LT of t" = [ (s) e” & = efdz= o [, 2 € Zilz

0 = 4 n+1 Jo
Then L.T of t" = f(:—i'll—)
S
Now, if n is positive integé? = Bn + 1) = n! LT of t" = s:i1

Example:- If F(s) =—sf-1»— what is y(t)?

52+5-6.
Solution
STl gestl k| kp
Jstps—6  (s=2)(s+3) s-2 s+3
: 3 s+1
Where == 2= — =-
o 5 5-21g=-3 5
di/ad 2
F(S) = (5—2 i s+3>

y(t) = [3e? + 2¢7%]

Theorem 2:-

LTof {f' ()} =LTof {3} = s F(s) — £(0)
Example:- Whatis L.T of {f"(t)}
Solution  Since f'(t) = [f'(®)] let )= gt)
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Then @) = [g@®Y SO LTef {f* ()} = L.Taf [g(t)]
From Theorem 2 L.Tof [g(®)]' = sG(s) — g(0) =sL.Tof {f'(©)}—f'(0)
Applying Theorem 2 again  L.T of {f"'(t)} = s[sF(s) — f(0)] — f'(0)

L.T of {f"(t)} = s*F(s) —sf(0) - f'(0)
H.W  Prove that L.T of {f""'(t)} = s3F(s) — s*f(0) —sf'(0) — f"'(0)

Example:- Find the particular solution of the differential equation y"'(t) = 3y'(t) + 2y(t) = 12e:%t for
which y(0) = 2, y'(0) =6

Solution  From theorem 2 LT of {f'(t)} =5 F(s) — f(0)

LT of {f"(0)} = s2F(s) - sf(0) = f'(0),

Taking L.T of both side of equation ‘
[s2 Y(s) — 5y(0) — ¥'(0)] = 3 [sY(s) — y(0)] + 2¥ (5) = 12 L. T[e™¥]

Substitute y(0) =2 and y'(0) = 6 L.T[e™*] = —

s2Y(s) — 25 — 6 —3sY(s) + 6 + 2 (s) ==

2 b
(s? =35 +2)¥(s) = 25 + o =222l

2s2+4s+12 2sP+4s+iZ o Ky ko ks

r(s)= (s2 —3s+2)(s+2) (s —1)"("5—";)’(5”“4;2&1%57 S=1.0" 52 542

Where

Theorem 3:-

i

LT of { [of © dt} ='2 F(s) +1 INIGEAR a>0

\'Skhbxy(thaitw L.T of [ [ TF (t)dtdt] =S F()+5 [, f@®) dt + 200 Js f(ydedt

Examp\ le:=

Let fatf @dt=g()
then L.Tof [ Ee (t)dtdt] =LTof [ g(t)dt= % G(s) += f: g(t) dt

= LT of [ f@) de| +3 ;) [, f@)dedr = R+ r@ de]+ L L f©dedt

S

L.T of [fat f;f(t)dtdt] =S F(s)+ Slzf; f) dt+= [ [ f(t)dedt
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Unit Step Function U(‘E)

The unit step function can be defined as

(0 t <0 1
u(t)_{l t >0

Example:- Solve for y(t) from the simultaneous equations

Y (0) +2y(6) +6 [ zdt = =2 u(t) e (1)
y®)+z'(t)+z=0 e (2)
where y(0) = -5 z(0)=6 '

Solution
Taking L.T of each equation term by term

Equation 1

i

[sY(s) = (=5)] +2Y(s) + 6%2(5) =-2 % " sincea=0, then f; z(t)dt =0

sY(s)+2Y(s)+§Z(s) = —%—5 = (sf-}:Zs)Y;’(§)+6Z(s) =—2—=055 e (3)
Equation 2 g, ‘
sY(S)+5+sZ(s)—6+2Z(s)=0 = 's”Y(s)+(s+1)Z(s) =1 STRTERIIERN €]

Equations (3) and (4) can be written as a matrix form-.

[sz +25 6 ] [
S s+1

Applying the Grammar rule’s

-2-5s 6 ‘
Y(s) = l 1 .. 5+1‘ = (s+1)(=2-5s5)—-6 = —552-75-8
|52+2§~» 6] . (s2+2s)(st1)—6s  s3+3s2-4s

S s+11%

-552-7s—8 _ ki | ks ks

Y(S) = s(s=1)(s+4) T s s—=1 s+4

Where P’

r Y(s) = y(t) =2u(t) —4et —3e™*

Example:- What is L.T of f(t) = sint

Solutionl
. i cos2t
sint == ——
2 5
B T T SRR ., . PN

25 2(s2+4)  2s(s2+4)  s(s2+4)
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Solution2
F@) = sin’t = f'(t) =2sintcost = sin 2t
since LTef [f'it)i=sFls)~0)
LT of [sin 2t} = s[L. T'of f(t)] —
= o= s[L.Taf Fit) [L.T of f(t)] = L.T of sin?t ] e

H.W  Whatis L.T of the following
1-  cos(at + b) 2-  cos?(bt) 3 (t+1)?

Theorem :- If a Laplace Transform contains the factor s, the inverse of that transform can be found by

i

suppressing the factor s, determining the inverse of the remaining portion of the transform; and finally

differentiating that inverse with respect to t.

d
FO =L LTHIG)
Example:- Whatis L.T™ [2+ 4] '
- 1 -
Solution 5—21—4 Sz+zzsuppressmg the factor s = d(s) oz = o
% L R 2 "V 1d
f =2 LTtf s} = 2t 1{52”2} == 1Zsin2t = cos2t

Theorem :- If a Laplace Transform contains the* factor 3~, the inverse of that transform can be found by

suppressing the factor = o determining the mverse Qf the remaining portion of the transform, and finally

integrating that inverse with respect to t from 0 -t
t oo g d i
£ = [LLTH b))t

Example:- What is L. T"2[ ]

-”w+4s
Solution LT [s3i4s] /: LT [s(szl+4)] e d)(s) m
o) = [LT o) dt = F(O) = [LT; oomdt
- f(t) = -;- fot sin2tdt = —%{ cos Zt](t) = % = Coiu = 1_C252t = % sin?t

First Shifting Theorem (s-Shifting):- This theorem says that the Transform of e~ times a function of t is

equal to the transform of the function itself, with s replaced by s +a

LT{e—atf(t)} = LT{f (O)}s-s+a
By means of this theorem we can easily establish the following important formulas:-

Ssta

Formula 1:- LT{e"% coswt} = Braiat
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